A GENERALIZATION OF KRONECKER FUNCTION RINGS 
- - - . AND NAGATA RINGS 
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^ ■ MARCO FONTANA AND ALAN LOPER 

^ |i Abstract. Let D be an integral domain with quotient field K. The Nagata 

.^^ ' ring D{X) and the Kronecker function ring Kr(Z)) are both subrings of the 

' field of rational functions K(X) containing as a subring the ring Z)[X] of poly- 

CO , nomials in the variable X. Both of these function rings have been extensively 

studied and generalized. The principal interest in these two extensions of D lies 
in the refiection of various algebraic and spectral properties of D and Spec(Z)) 
^ i _ i J ' in algebraic and spectral properties of the function rings. Despite the obvious 

.^r , similarities in definitions and properties, these two kinds of domains of rational 

. 1 functions have been classically treated independently, when D is not a Priifer 

jS^ ' domain. The purpose of this note is to study two different unified approaches 

"*li ' to the Nagata rings and the Kronecker function rings, which yield these rings 

and their classical generalizations as special cases. 



> . 

O . 1- Introduction 

f^ ■ Let D he a commutative integral domain with quotient field K. Let X be 

■"sj" I an indeterminate over D and let / G £'[-'^]- We denote by c(/) the content of 

^^ ■ the polynomial f, i.e. c(/) is the ideal of D generated by the coefficients of /. 

Moreover, if V{D) is the set of all the valuation overrings of D, for each ideal / of 
D, we set /'' ■- f]{IV \ V e V{D)} (cf. [14, page 398] and [30, Appendix 4]). 
Two classical rings related to D which have both been well studied arc the Nagata 
C^ ■ ring D(X) and the Kronecker function ring Kr(_D) defined as follows. 
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Na(D) := D{X) := <- \ f,ge D[X], c{f) C c{g), c{g) is invcrtiblc l 

is the Nagata ring of D. (Note that this is not the most conunon definition: D{X) 
H I is usually defined by designating that f,g & D[X] and that c{g) = D, [14, Section 

33]. The definition above is equivalent to this one and fits our program better.) 
On the other hand, if D is integrally closed, then: 

KriD) ■.= \l\f,ge D[X], g ^ 0, cif)" C c(g)^ 

is the Kronecker function ring of D, [14, Section 32]. 

These two rings of rational functions are the same if and only if D is a Priifer 
domain [14, Theorem 33.4]. In fact, both rings arose as generalizations of Kro- 
necker's original function rings which specified that D should be a ring of algebraic 
numbers or, more generally, a Dedekind domain (and, hence, a Priifer domain), (cf. 
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[21], [29] and [6]). When D is any arbitrary integrally closed domain it is easy to 
see that Na(Z)) C Ki{D), [14, Theorem 33.3]. 

There are obvious similarities in the two definitions in spite of the fact that they 
generally yield different rings. Next we give equivalent definitions (or, characteri- 
zations) for each type of ring in which there are also obvious similarities, i.e. both 
these rings can be constructed by intersection of families of Nagata rings of quasilo- 
cal overrings. (Note: We do assume for both of these results that we know how to 
construct the Nagata ring R{X) for a quasilocal domain R; in this situation, the 
condition "c{g) is invertible" becomes "c(g) is principal", [14, Proposition 7.4].) 

Theorem/Definition 1.1. [14, Theorem 33.3, Theorem 32.10 and the proof of 
Corollary 32.14] Let D be an integral domain, let Max(_D) [respectively, Spec(-D)] 
represent the set of all maximal [respectively, prime] ideals of D and let V(D) 
[respectively, VminiD)] denote the set of all the valuation [respectively, minimal 
valuation] overrings of D. 

(1) m{D) = n {Dm{X) 1 M e MaxiD)} = f] {DpiX) \ P e Spcc(i?)} . 

(2) If D is integrally closed, Kt{D) = fl {^(^) I V e V{D)} = r\{W{X) \ 

Both the Kronecker function ring and the Nagata ring have been generalized and 
intensively studied (cf. for instance [22], [3], [4], [1], [19], [27], [9], [11] and[17]). 
However, in spite of their common origin, they have been studied separately. There 
are generalized Nagata rings and generalized Kronecker function rings which are 
distinct objects of study. A major goal of this paper is to define and study a single 
construction for a class of function rings which includes the Kronecker function 
ring, the Nagata ring and their generalizations as special cases. 

Following the double characterization of the Kronecker function rings and Nagata 
rings above (Theorem/Definition 1.1), we approach our generalized function rings 
from two separate directions, as rings of individually chosen rational functions and 
as intersections of Nagata rings of quasilocal overrings. 

In generalizing the rational function approach, we note that the standard gen- 
eralization of Kronecker function rings, introduced by KruU [22], involves replacing 
the 6-operation with a more general "star-operation" (for short, 7k— operation) be- 
longing to a special class of star operations known as the "e.a.b. star operations" 
(the explicit definitions are recalled in Section 2). The point is that e.a.b. op- 
erations have some nice properties in common with the 6-operation which make 
possible the proof that the Kronecker function ring, as defined by KruU (cf. the 
definition after Remark 3.4), is actually a ring for any arbitrary integrally closed 
domain. 

Note that in the definition of the Kronecker function ring, any nonzero poly- 
nomial is eligible to be the denominator of a rational function. Note further that 
we do not allow arbitrary nonzero polynomials in the denominators for the Nagata 
ring. Rather, we only allow a very restricted class of polynomials, those with invert- 
ible content. Finally note that the definition of the Nagata ring given is formally 
comparable to the Kronecker definition except that the 6-operation is replaced by 
"the trivial star-operation", called the identity operation (for short, d ~ operation) , 
acting as the identity map, i.e. 

Na(i?) ^U\f,ge D[X], cif)" C cig)", c{g) is invertiblcj . 
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A way to combine the ideas of the previous two paragraphs is to view the e.a.b. 
property not as a property of a •-operation, as has been done classically, but to view 
it as a property of a certain class of ideals. The e.a.b. 7k— operations should be those 
for which every nonzero finitely generated ideal is an "e.a.b. -ideal" (Definition 3.6). 
On the other hand, the invertible ideals should be the only e.a.b. -ideals associated 
with the identity operation. So given any 7k— operation, we can combine the two 
definitions by specifying that the content ideals of denominators must be e.a.b.- 
ideals associated to the given 7k— operation. 

Note that, from the beginning of the present paper, we move from just "star- 
operations" to the more general setting of "semistar-operations" introduced by 
Okabe-Matsuda in 1994 [26] (the definition is recalled in Section 2). In fact, our 
generalizations work directly, and more naturally, in this setting. 

We also want to define our generalized function rings using the mehod of inter- 
secting Nagata rings of quasilocal ovcrrings as is done above. Suppose then that we 
are given a domain D and a semistar operation on D. For the 6-operation we chose 
the class of all valuation ovcrrings of D to define the Kroneckcr function ring and 
we chose the class of all localizations of D to define the Nagata ring of D. When 
we consider our discussion of e.a.b.-ideals above, we note that all finitely generated 
ideals of D extend to principal ideals in any valuation overring. On the other hand, 
invertible ideals are the only finitely generated ideals which extend to principal 
ideals in every localization of D. So the way to proceed seems to be to combine 
the overring characterizations of the Kronecker and Nagata rings by choosing the 
ovcrrings in which the e.a.b.-ideals extend to principal ideals. 

Let Z) be a domain and -k a semistar operation on D. Given either a collection of 
ovcrrings of D or a ring of rational functions, overring of £'[^], it is easy to define 
a new semistar operation on D by either extending to all of the ovcrrings of the 
collection and intersecting, or by extending to the ring of rational functions and 
contracting back to the quotient field of D. We explore both of these mechanisms 
for defining new semistar operations associated with the given 7kr and compare the 
properties we obtain with those proven in the classical Kronecker and Nagata set- 
tings. In particular, we deepen the study of the ring of rational functions called the 
-k-Nagata ring Na(£', •) (Definition 3.2) and the -k-Kronecker function ring Kr(Z?, *) 
(Definition 3.5) and we give a complete positive answer to the following question: 
Is it possible to find a "new" integral domain of rational functions denoted by 
KN(D,*) ( '^-k-Kronecker-Nagata ring", obtained as an intersection of Nagata do- 
mains of quasilocal domains associated to a given arbitrary semistar operation 7kr ) 
such that: 

• Na(D,7^) CKN(D,7k-) CKr(D,7^); 

• KN(D,7k-) "generalizes" at the same time Na(£',*) and Kr(i?,7k:) and coincides 
with Na(D,7k-) or Kr(D,7k-), when the semistar operation * assumes the "extreme 
values" of an interval 7^' < 7^ < -k" (i.e. KN(D,7^') = Na(i:),*') = Na(D,7>r) and 
KN(D,*") = Kr{D,k") = Ki{D,k)7 

2. Background 

In this section we give some definitions and some basic results, some new and 
some not. 

We begin by designating the following terms. 

• f{D) is the set of all nonzero finitely generated fractional ideals of D. 
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• F{D) is the set of all nonzero fractional ideals of D. 

• F{D) is the set of all nonzero D submodules of K. 

In 1994 A. Okabe and R. Matsuda [26] introduced the notion of a semistar 
operation. A semistar operation is a map • : F{D) — > F{D) , E i-^ E* which 
obeys the following axioms, for all z G K , z ^ and for all E,F G F{D). 

(*i) {zEY^zE*; 

(*2) EQF => E* CF*; 

(*3) ECE* and E** ::= (E*)* = E* . 

The classical notion of a star operation [14] involves a map from F{D) to F{D) 
which requires, in addition to the semistar axioms, that (aD)* = aD, for each 
nonzero principal ideal aD of D. 

The key difference here is that if • is a star operation then D* = D, whereas 
D* may be properly larger than D (possibly, D* G F{D) \ F{D)) if • is a semistar 
operation. Note that if • is a semistar operation on a domain D then we obtain a 
classical star operation on D* when we restrict • to F{D*). 

Now we give some basic information concerning definitions/terminology, gene- 
ral properties of semistar operations, and concerning the construction of specific 
semistar operations on integral domains. 

• As in the classical star operation setting, we associate to a semistar opera- 
tion * of Z3 a new semistar operation -kf as follows. Let 7k- be a semistar 
operation of a domain D . li E G F{D) we set: 

E*f := \J{F* I F CE, F e f{D)} . 

We call */ the semistar operation of finite type of D associated to * . If 
• = •/ , we say that * is a semistar operation of finite type of D . Note 
that */ < * and (*/)/ = *y , so -kf is a semistar operation of finite type 
of D. 

• A (semi)star operation * on D is a semistar operation on D such that 
D* = D; i.e. a semistar operation such that: 

^If^dY- FiD) ^ F{D) 

is a "classical" star operation [14, Section 32]. 

• dn denotes the identity (semi)star operation on D. 

• If t : Z? ^^ T is the canonical embedding of D in the overring T oi D and 
if :*r is a semistar operation on D, then -k^ is the semistar operation on T 
defined, for each E e F{T) (C F{D)), by 

E*' := E* . 

• If T is an overring of D, we denote by *|yj the semistar operation on D 
defined as follows: for each E E F{D): 

E*m ■= FT. 

Obviously, {-k^T})/. = dr (where dr denotes the identity semistar operation 
onT). 

• If {-k\ I A G A} is a family of semistar operations on D then A{*a | A G A} 
is the semistar operation on D defined as follows: for each E G F{D): 
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£;A{*^|AeA} :=p|{^*A I AG A}. 

In particular, if T := {Tx | T\ e A} is a given family of ovcrrings of D, 
then At denotes the semistar operation A{*|y^} | A G A}. 
• bu is the 6-seniistar operation on D, i.e. 

bu := A{*{y} I y is a valuation overring of D} . 



It seems natural in the context of the "A-construction" above, i.e. A^-, to 
view semistar operations "extensions to the overrings" , i.e. *{Tx}^ ^^ canonical 
components of the semistar operation on D. We have defined the 6-operation as a 
A-construction using the valuation overrings. In that setting we can think of the 
6-operation as being decomposed into component semistar operations, each defined 
by extension to a valuation overring. 

A question that seems not to have been dealt with in the literature (in cither 
the star or semistar setting) is the extent to which a given star (or semistar) op- 
eration on D can be approximated by one built from component parts of the type 
"extensions to the overrings" of D in the above manner. One use for our general- 
ized Kronecker-Nagata theory is to associate in a natural way a semistar operation 
defined by a A-construction to a given semistar operation. 

In the setting of star operations, the class of *-ideals (i.e. those ideals / such 
that /* = /) assume a role of great importance. When • is a semistar operation 
there frequently are no integral ideals of D which are *-ideals. Instead we use the 
following more general concept. 

Definition 2.1. Let I Q D be a nonzero ideal of D and let * be a semistar 
operation on D . We say that / is a quasi-k-ideal of D ii I* D D = I . Similarly, 
we designate by quasi— k -prime [respectively, -k-prime ] oi D a quasi-*-ideal [re- 
spectively, an integral it-ideal] of D which is also a prime ideal. We designate by 
quasi-k -maximal [respectively, -k-m,axim,al ] of D a maximal element in the set of 
all proper quasi-*-ideals [respectively, integral •-ideals] of D . 

Note that if / C £) is a *-ideal, it is also a quasi-*-ideal and, when D = D* 
the notions of quasi-*-idcal and integral *-ideal coincide. 

We then give the following designations related to quasi-star ideals. 

• QSpec'*(£') is the set of all the quasi-*-prime ideals of D. 

• ■M{-k) is the set of all the maximal quasi-*-ideals of D. 

It is well known that if * is a semistar operation of finite type then M. (*) is 
nonempty [11, Lemma 2.3 (1)]. 

A particular important semistar operation (of finite type) on D is the following: 

• * := A{*{Dq} I Q e M{*f)} (= As , where S := {Dq \ Q G M{i^f)}) . 

For the motivations, examples and the basic properties of this type of semistar 
operation cf. for instance [11, Corollary 2.7 and Remark 2.8]. 
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3. e.a.b. -IDEALS 



In this section wc give the promised modification of the e.a.b. condition moti- 
vated by the definitions of the Nagata rings and Kronecker function rings. 

We begin by giving more general definitions of the Kronecker function ring and 
the Nagata ring. 

Recah that, for general semistar operations, we can consider the notion of semis- 
tar invertible ideals. 

Definition 3.1. A fractional ideal / G F{D) is called -k-invertible if (//^^)* = D*. 

For the motivations, examples and the basic properties of this type of invertibility 

see [13]. 

Definition 3.2. Let D be a domain with quotient field K and let * be a semistar 
operation on D. Set 

Na.{D,*) := I - I ./,.9 e D[X],c{fy C c(.g)*, c{g) is a •/-invertible ideal oi d\ . 

This is called the -k -Nagata ring of D. If the semistar operation is the identity 
operation, i.e. * = djj, then Na(£',d£i) coincides with the "classical" Nagata ring 
D{X)oiD. 

It is known that, for each E € F{D), 

E* = ENa.{D,i.)nK , [11, Proposition 3.4 (3)] . 

The definition of an e.a.b. semistar operation is as follows. 

Definition 3.3. Let D be a domain and let * be a semistar operation on D. Then 
we say that • is an e.a.b. semistar operation provided (U)* ^ (IH)* implies 
J* C H* whenever I,J,Hg f{D). (We say that • is an a.b. semistar operation if 
we weaken the hypotheses to only require that J, H lie in F{D).) 

Remark 3.4. (1) The paper [12, in preparation] is devoted to a deeper study on 
the relations between the e.a.b. and the a.b. semistar operations. 

(2) Recall that the e.a.b. semistar operation on D of finite type \ associated to 
a semistar operation -k is defined on D by setting for each G G f{D): 

G^^:=\J{{{GHr:H*)\ H e f{D)} 

[18], [15] and [16]. It is known that a semistar operation of finite type is e.a.b. if 
and only if 7k- = *^ (cf., for instance, [9, Proposition 4.5]). 

Let D be an integrally closed domain with quotient field K and let * be an e.a.b. 
semistar operation on D. Set 

Kr{D,*) ■.= U\f,ge D[X], g ^ 0, c(/) C c(.g)* 
U 

In the case where * is an e.a.b. star operation on (an integrally closed domain) D 

this definition yields the classical KruU's extension of the Kronecker function ring 

of D associated with * [14, Section 32 ]. 

This is not the most general definition of the Kronecker function ring, but it is 
the one most suited to our program. Recall that the reason customarily given for 



A GENERALIZATION OF KRONECKER FUNCTION RINGS AND NAGATA RINGS 7 

the assumption that * be e.a.b. in the KriiU's definition of the Kroncckcr function 
ring is that the classical proof that Kr(D) is a ring does not work unless * is assumed 
to be e.a.b.. The use that the e.a.b. property is put to in this context is to show 
that an equation of the form {c{g)J)* — {c{g)H)* implies that J* = H* where 
J, H E f{D) and g is a nonzero polynomial in -D[X] and the denominator of a 
rational function ^ in Kr(£',*). 

A general definition for the Kronecker function ring, without restrictions on D 
and *, is recalled next. 

Definition 3.5. Let D be any integral domain (not necessarily integrally closed) 
with quotient field K and let ■*- be any semistar operation on D (not necessarily 
e.a.b.). Set 

/ I /, .g G -D[-'^], 9 7^ 0, such that there exists h G £'[-'f], 



^''^^' ^^ ' ^ 5 ' h^O, with c{fh) C c{gh)* 

This is called the -k-Kronecker function ring of D, [9, Theorem 5.1]. Obviously 
if • is an e.a.b. semistar operation on D, then this definition coincides with the 
previous one. 

It is known that, for each E £ F{D), 

E*' = E &(£), •) n /v , [11, Proposition 4.1 (5)] . 

Since invertible ideals can be cancelled in any conceivable context, it is clear 
that the "modified" e.a.b. property, that we want to introduce for generalizing 
semistar Nagata rings and Kronecker function rings, should be a "cancellation- 
type" property. 

The definition is actually quite straightforward. 

Definition 3.6. Let D be an integral domain and let 7k- be a semistar operation 
on D. If F is in /(£>), we say that F is a i.-e.a.b-ideal if (FG)* C (FH)*, with 
G, H E fiD), implies that G* C H*. As with the semistar operations, we say 
that F is an a. b. -ideal if the conclusion holds with the requirement weakened to 
say that G, H eF{D). 

It is clear that a semistar operation * on a domain D is e.a.b. if and only if every 
finitely generated ideal of D is a •-e.a.b. ideai. 

Remark 3.7. It is clear that invertible ideals are-k-e.a.b. for any semistar operation 
•. In fact, if the semistar operation in question is the identity operation d, the d- 
e.a.b. ideals of a domain D correspond to what D.D. Anderson and D.F. Anderson 
called quasi-canccllation ideals. They proved that, in the finitely generated setting, 
the d-e.a.b. ideals are exactly the invertible ideals [2, Lemma 1 and Theorem 1]. 

It is easy to see that, in general, a finitely generated -k-invertible ideal is also •- 
e.a.b.. Unlike the case for the identity operation though (Remark 3.7), it is not true 
in general that all (possibly, finitely generated) •-e.a.b. ideals are •-invertible. For 
instance, let I? be a Noetherian domain of dimension greater than one and let M be 
a maximal ideal of D of height greater than one. Since the 6-operation is an e.a.b. 
star operation on D, then M (which is finitely generated) is a &-e.a.b. ideal, by the 
observation preceding Remark 3.7. However, since M has height greater than one, 
it is not an invertible ideal of D. Hence MM''^ = M. Then {MM'^f = M^ = M. 
Hence, M is not ^-invertible. 
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We close this section with a cohection of basic resuhs concerning •-e.a.b. ideals, 
invertible ideals, and •-invertible ideals. 

It is known that if-k is an c.a.b. star operation on an integral domain D, then 
there exists an a.b. star operation * on D such that *|/(_d)= *I/(-D) [14, Corollary 
32.13]. This motivates our next statement proven in [12]. 

Lemma 3.8. Let D be an integral domain and let -k be a semistar operation on D. 

(1) Ifk = •^. , then: 

-k is an e.a.b. semistar operation if and only if* is an a.b. semistar operation. 

(2) Let F e f{D), then: 

F is -k-e.a.b. if and only if F is -k^ -a.b. D 

The following result is known [13, Theorem 2.23]. 

Lemma 3.9. Let -k be a semistar operation on an integral domain D. Let F G 
f{D), then the following are equivalent: 

(i) F is -k^ -invertible; 

(ii) FDq is invertible as a fractional ideal of Dq, for each Q G M-{k^.); 
(iii) FNa(Z3,7k-) is invertible as a fractional ideal of Na(£',*). D 

Remark 3.10. (1) Let F E f{D)- As a consequence of Lemma 3.9, note that, 
since Mi*^) ^ M{i) [11, Corollary 3.5] (2), then: 

F is kj -invertible if and only if F is i-invertible, 
cf. [13, Proposition 2.18]. 

(2) Let F e f{F>). From [12] recall that F is-k-e.a.b. [respectively, k-a.b.] if and 
only if {(FH)* : F*) = H* , for each H e f{D) [respectively for each H G F{D)]. 
(Note that {{FH)* : F*) = {{FH)* : F), and so the previous equivalences can be 
stated in a formally slightly different way.) 

4. Some distinguished classes of overrings 

We begin by considering a class of overrings of a domain D associated with a 
semistar operation -k which have already been well studied. 

Definition 4.1. Let * be a semistar operation on an integral domain D. We say 
that an overring T of Z) is a -k-overring of D provided for each F G /(£*) we have 
F* C FT (or cquivalently F*T = FT). 

The following lemma gives some basic results concerning •-overrings. 

Lemma 4.2. Let D be an integral domain with quotient held K and let * be a 
semistar operation on D. 

(1) The following are equivalent: 

(i) T is a -k-overring of D ; 
(ii) T is a •^. -overring of D ; 
(iii) •^. < ir^T] , (i.e. E*f 'ZET,V E e F{D) ). 
(iv) {-k^),^dT. 
In particular, ifT is a -k-overring of D, then D* C T*i = T. 

(2) Every overring of a -k-overring is a k-overring. 

(3) K is a k-overring of D, for each semistar operation -k on D. 
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(4) D* is a -k-overring of D if and only if ir^ = •{£)*}. More generally, T is a 
-k-overring of D and T = D* if and only if •^. = *{t} • 

(5) If *i < 7^2 are two semistar operations on D, then: 

T is a -k2-overring of D ^ T is a -ki-overring of D . 

(6) A Bczout overring B of D is a -k-overring of D if and only if B = B*f In 
particular, a valuation overring V of D is a -k-overring of D if and only if 
V = V*f (in this situation, V is called a ^-valuation overring of D). 

(7) The valuation overrings of a -k-overring T of an integral domain D coincide 
with the -k-valuation overrings of D containing T . 

(8) Let T he a -k-overring of D and let l : D ^^ T be the canonical inclusion. 
Then: 

KTiD,*^T}) - Kr(T,dT) = Kr(T, (*J,) - Kr(r,6T) ■ 

(9) If N is a prime ideal of a *-overring T of D and ifNCiD^^O, then NnD 
is a quasi-^f -prime of D. 

(10) Let T := {Tx | A G A} be a family of overrings of D. The semistar 
operation At (defined in Section 2) is such that: 

ETx = E^-^Tx = {ETx)^'^ , 

for each E G F{D). In particular, each Tx is a Aq — overring of D. 

Proof. (1) (i) <^ (ii) <^ (iii) arc obvious consequences of the definition. 
(iii) => (iv): dr < (•j,). < (•{T})t = dr- 
(iv) => (iii): For each E G F(D), ET = {ET)'^*f'>' ^ {ETp D E*f . 

(2) is an easy consequence of (1). 

(3) and (5) are obvious. 

(4) foUows from (1) and from the fact that, in general, *{_d*} < kf 

(6) The "only if" part is obvious from (1). For the "if" part recall that, for 
each F G f{D), there exists a nonzero element x E K such that FB = xB, thus 
F* C (FBp = (xBp = xB*f =xB=: FB. 

(7) follows from (2) and (6). 

(8) Since T is a -A—overring of D, then, by (1), (•^)t = dx. Therefore, by (7), 
T^ is a (dT-)valuation overring of T if and only if F is a ^-valuation overring of D 
containing T if and only if 1/ is a •|2--j. -valuation overring of D. The conclusion is 
a straightforward consequence of the fact that, if * is a semistar operation on an 
integral domain R, then Kr(i?, *) = n{W^(X) | VF is a ^-valuation overring of R} 
[10, Theorem 3.5]. 

(9) {N n Dp C (iV n D)T C N, hence N n D C (N n Dp (ID C NnD. 

(10) Note that {ETxP^ = HiETxT^ \ fi e A} = ETx {(METxT^ \ A* e 
A, ^i^X}) = ETx. □ 

Corollary 4.3. Let * be a semistar operation on an integral domain D, let F G 
f{D) be -kj-invcrtiblc and let {L,N) be a local -k-overring of D. Then FL is a 
principal fractional ideal of L. 

Proof. Recall that an invertible ideal in a local domain is principal [20, Theorem 
59]. By Lemma 3.9, we know that FDq is principal in Dq, for each Q G M{-k^). 
Hence, FDmho is principal in D^nD: because NnD is a quasi-*j, -prime ideal of D 
(Lemma 4.2 (9)), hence N O D C Q, for some Q G Ai{-k^). The conclusion follows 
immediately, since {L,N) dominates (DNnOyN H D). D 
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Remark 4.4. Let D be an integral domain and let • be a semistar operation on 
D. 

(1) An overring T oi D such that T = T*f is not necessarily a •-overring of D. 
For instance, let JF be a localizing system of D, and let -k := -kjr be the semistar 

operation on £), defined by E*^ := Ejr := U{ (£::/) | / G J^}, for each E e F(D) 
(cf. [7, Proposition 2.4]). Set T := D*^ = Djr., then in general, EDj^ C Ejr. More 
precisely, *{d*^} = ^J^ if and only if D*^ is ZJ-flat and T — \1 ideal of D | lE)*^ = 
Z?*^} (cf. [7, Proposition 2.6]). 

(2) We have mentioned in the proof of Lemma 4.2 (8) that: 

Kr(i:),*) = P|{y(X) 1 y is a 7k--valuation overring of D} [10, Theorem 3.5]. 

From this property and from the observation following Definition 3.5 it is possible 
to prove that: 

*a = Av(D.*) 7 where V(-D,*) := \V ] V^ is a ^-valuation overring of £)} . 

In the introduction we alluded to classes of quasilocal ovcrrings of a domain 
D that are associated with a given semistar operation on D. The two classes of 
quasilocal overrings that arise in the Kronecker and Nagata settings are localizations 
and valuation overrings. Note first that a finitely generated ideal of a domain D is 
invertible if and only if it is locally principal. Also note that every finitely generated 
ideal of E extends to a principal ideal in any valuation overring of D. Since the 
collection of ideals we have been concerned with are the *-e.a.b. ideals it seems 
reasonable that what we need are quasilocal overrings of E in which each *-e.a.b. 
ideal extends to a principal ideal. It turns out that assuming just this property is 
not quite sufficient. We give two refinements, each of which we will use to create 
separate generalized function rings. 

Definition 4.5. Let 7k- be a semistar operation on an integral domain E and let T 
be a quasilocal overring of E. 

We say that T is a -k-monolocality of E provided T*f — T and every *-e.a.b. 
ideal of E extends to a principal ideal in T. 

We say that T is a strong -k-monolocality of E provided T is a *-overring of E 
and every *-e.a.b. ideal of E extends to a principal ideal in T. 

Let * be a semistar operation on a domain E and let T be a ^-overring of E. 
Then T*f = T. It follows then that a strong -k-monolocality is a k-monolocality. 

Also note that if 7k- is the identity semistar operation on a domain E then every 
quasilocal overring of Z? is a strong 7k— monolocality (and hence they arc all 7k:- 
monolocalities) . At the opposite extreme, if * is the 6-opcration on a domain 
E, then the collection of all strong 7k— monolocalitics and the collection of all 7k:- 
monolocalities are both equal to the collection of all valuation overrings of E. 

Our goal for this concept then is to identify semistar operations such that the 
collection of 7k— monolocalitics (strong or not) is not all quasilocal overrings and does 
not consist entirely of valuation domains. Or, conversely, to identify collections of 
overrings and associate semistar operations, using the A-constructions, which will 
give the collection of overrings back as (strong) 7k:-monolocalities. 

We adopt the following notation. 
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Set: 

C := C{-k) := C{D,-*:) := {L | L is a • -monolocality of D} , 
C' := C'{i^) := C'{D,-k) := {L' | L' is a strong-*-monolocality of D} . 

Note tliat the set: V := V(*) := V{D, -k) (= {F | ^ is a •-valuation overling of D}) 
is obviously a subset of C . 

Lemma 4.6. Let * be a semistar operation on an integral domain D. 

(1) £(•) = C{iCf) and £'(*) = /:'(*^). 

(2) A quasilocal overring T of a -k-inonolocality of D is also a -k-monolocality 
of D if and only if T = T*f . 

(3) A quasilocal overring S of a strong— k-monolocality of D is always a strong- 
-k-monolocality of D. 

(4) Let F := (oi, a2, ...,an)D e f{D) be -k-e.a.h. and let L be a *- 
monolocality of D . Then 

FL = F*L = [FLff = aiL , 

for some i, with 1 < i < n. 

Proof. (1) is obvious and (2) and (3) follow from Lemma 4.2 (1) and (2). 

(4) We start by recalling the following well known fact: 

Claim. Let F ~ (ai, a2, ■ ■ ■ , an)D G f(L)) and let L be a quasilocal overring 
of D. If FL is principal in L, then, for some i, with 1 < i < n, FL = aiL. 

If FL = (oi, a2, . . . , a„)L = zL, for some z ^ L then, for each i, with 1 < 
i < n, we can find a nonzero Xi € L, such that xiz = Oj. Therefore, zL = 
(ai, a2, . . . , an)L = {xi, X2, • ■ • , Xn)L ■ zL, hence (xi, X2, . . . , Xn)L = L. Being L 
quasilocal then, for some z, with 1 < i < n, we have that Xi is a unit in L, thus 

Zlj ^ XiZlj ^^^ dilj. 

Now we conclude the proof of (4). Since F is 7k— e.a.b. and L € C, then FL is 
principal, and thus, for some i, with I < i < n, (FL) f = {aiL)*f = aiL f ~ aiL 
(being L = L*! ). Therefore a^L C FL C F*L C {FLp = (a^L)*/ = a^L. D 

5. Generalized Kronecker-Nagata rings 

Now we turn to the construction of the generalized Kronecker and Nagata rings. 
We define two classes of rings which wc refer to as Kronecker- Nagata ring (for short, 
KN) and Strong Kronecker- Nagata ring (for short, KN') according to whether we 
use monolocalitics or strong monolocalitics. 

Proposition 5.1. Let * be a semistar operation on an integral domain D. Set: 

KN(D, k) := r\{L{X) \ L e C{D, *)} , Kn'{D, *) := C]{L'{X) \ L' G £'(£>, *)} , 

then: 

n&{D,-k) C KN'(£),*) C Yir{D,-k) , 

Kn{D,^) C KN'(£),*). 

Proof. By Lemma 4.2 (9) and [11, Proposition 3.1 (4)], we know that Na(Z3,*) = 
C^{DQ{X) I Q e qSpcc"! {D)} C r\{DN'^D{X) \ {L',N')eC'} C KN'(i?,*). The 
inclusions KN(D,*) C KN'{D,^) C Kr(D,*) follow from the fact that V(D,*) C 
£'(£),*) C £(!),*). D 

We have shown that the Strong *-Kronecker-Nagata ring KN'(£',*) lies prop- 
erly in between the *-Nagata ring and the ^-Kronecker function ring. We have 
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also shown that the 7k— Kronecker-Nagata ring KN(Z?, *) hcs inside the *-Kroneckcr 
function ring. We wiU show later (Theorem 5.11 (7)) that, in general, Na(£',*) C 
KN(D,*). 

Proposition 5.1 gives a positive result concerning containment relations for KN 
and KN'. The containment/inequality relations between these concepts is not al- 
ways as clean as we would like however. For example, it seems reasonable that if 
*i < *2 are semistar operations on a domain D then we would have KN(L',*i) C 
KN(i:),*2) and KN'{D,i^i) C KN'(D,*2)- In Example 7.7 we give an example of 
a star operation * on a two-dimensional Noetherian local integrally closed domain 
D such that 6 < * and yet KN(L>,*) = n&{D,i<) = D{Z) C KN(i:>,6) = Kr(i:>,6). 
Hence, in general, we do not get the containment we wish for KN. We do not know 
whether KN' behaves well with regard to containment and inequality or not. We 
can give a positive result in this direction when ^2 is a stable semistar operation. 

Recall that a semistar operation -k is stable on D provided 

{E n Py ^ E* n F" , foT idlE,F eF{D). 

Corollary 5.2. Let -ki < *2 be two semistar operations on an integral domain D. 
For i — 1,2, set: 

Assume that •2 is stable. 

(1) Let F £ f{D). If F is *i-e.a.b. then F is also -k2~c.a.b.. 

(2) £1 D £2 and C'l D £'2. 

(3) KN(D,*i) CKN(i:),*2) and KN'{D,*i) CKN'{D,*2)■ 
lProoi. (1) is a consequence of Remark 3.10 (2), since: 

((Fi?)*i : F) = H*' => ((FiJ)*i : F)*' = {H^^f , 
therefore, by the stability of *2 [7, Theorem 2.10 (B)]: 

H*^ C {{FHY^ : F) = {[{FHy^Y^ : F) = {{{FH)*^ : F))*^ = H*^ , 

for each iJe f{D). 

(2) follows from (1), from Lemma 4.2 (5) and from the fact that, if T is a 
quasilocal overring of D such that T ~ 7^*^*2)/ ^ then necessarily T = T *^'f . 

(3) is a trivial consequence of (2). D 

We have noted that the KN and KN' constructions are not always well behaved in 
terms of preserving relationships between distinct semistar operations. Nonetheless, 
it seems worthwhile to pursue this idea with regards to the operations *a and 7k- 
associated to the semistar operations * on a domain D. The semistar operations 
*a and * are generally well behaved and the results work out as we would hope. 

We need a preparatory lemma first. 

Proposition 5.3. Let * be a semistar operation on an integral domain D. Then: 

(1) For each Q G A^(*^. ), Dq is strong-k-monolocality of D. 

(2) If F e f{D), then F is*-e.a.b. if and only if F is *-invertible. 

Proof. (1) It is clear from the definition of the semistar operation • that, for 
each Q £ M-i^f) {— -Mil^-), [11, Corollary 3.5]), Dq is a quasilocal •-overring of D 
since, for each F £ f{D), F* C FDq. 
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Note, more generally, that for each Q e A^(*f ) and for each E e F{D): 

EDq = E*Dq = {EDqY , 

(Lemma 4.2 (10), since • == A5, with S := {Dq \ Q E M(*f}). 
(2) Let F e f{D) be a •-e.a.b., thus {{FHf : F) = H* and so: 

HDq = H*Dq = {{FHf :F)Dq= {{FHYDq : FDq] = {FHDq : FDq) , 



for each H e f{D), i.e. FDq is a quasi-cancellation ideal of Dq or, equivalently, 
it is a principal fractional ideal of Dq, for each Q G A^(*f ) (Remark 3.7). 

From Lemma 3.9 and Remarks 3.10 (1) and 3.7, we deduce that if i^ G f{F), 
then F is *-e.a.b. if and only if F is *-invertible. □ 

Proposition 5.4. Let * be a semistar operation on an integral domain D, then: 

(1) Na(i:),*) = Na(D,*) = KN'{D,1^) . 

(2) KN'(7^,*,) = KT{D,*a) = KriD,*) . 

Proof. (1) By Proposition 5.3 we know that £'(D,*) 2 {Dq \ Q G M{i^f)} 
and if {L',N') G C'{D,*) then L' 3 Dn'^d 2 -Dq, where Q is any prime ideal in 
A4{*^) (= M{*)) which contains the quasi-5— prime ideal N' n D. 

(2) If * = *j: is e.a.b., then each F G f{D) is •-e.a.b., thus every quasilocal *- 
overring (in particular, a strong-*-monolocality) is necessarily a valuation domain, 
hence £'(£>,*) = ViD,*). Therefore, in this situation, KN'{D,ir) = Kr(D,*). 
Using the previous argument (and [11, Proposition 4.1 (2)]), for each semistar 
operation -k, passing to the e.a.b. semistar operation of finite type -ka, we have: 

KN'(i?, *,) = Kr{D, *„) = Ki-{D, *) . n 

Corollary 5.5. Let * be a semistar operation on an integral domain D. Then D 
is a Pi^MD if and only if KN'(D,*) = KN'{D,*a)- 

Proof. This statement is a straightforward consequence of Proposition 5.4 and 
[8, Theorem 3.1 and Remark 3.1]. □ 

We have defined and done some analysis on the generalized Kronecker-Nagata 
rings using the (strong) monolocalities. This was motivated by characterizations 
of the classical Kronecker and Nagata rings. Both the Kronecker and Nagata rings 
have definitions involving rational functions, content ideals, and semistar opera- 
tions. We turn toward generalizing along these lines now. 

Proposition 5.6. Let * be a semistar operation on an integral domain D with 
quotient field K and let C! = C'{D, •) be the set of all the strong— k-monolocalities 
ofD. Set: 

KN'#(i:),*):= {z eK{X)\ V L' g£', 3 gL' eD[Xl ql' / 0, with 

zgL' eD[X], c{zgL') C c{gL')L' and 
c{gL')L' is principal in L'} . 

Then KN'(i:),*)= KN'# (!?,•) . 

Proof. Let z G KN'^{D,*), let L' G C and let gL' e D[X] be such that 
c{gL')L' is a nonzero principal ideal of L' and c{zgL') ^ c{gL')L' . Set Jl' '■— zgL'- 
Write gL' ■= ao + aiX+ . . . +a,iX" G -D[X]. Since L' is a (strong-)-*-- monolocality 
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of D and c{gL')L' is principal then, by the Claim in the proof of Lemma 4.6 (4), we 
have c{gL')L' = aiL' for some a^. Hence, ^-^ £ L'[X] and ^^ G -Zj'[X]. Moreover, 
^^ is a primitive polynomial of i'[X] (since one of its coefficients is a unit in L'), 
hence: 

Therefore, we have proven that KN'^{D,i^) C KN'(i:»,*) . 

In order to complete the proof, we need to show that KN'(£', *) C KN'^(£', *). If 
z G KN'(D, *), then, for each strong-*-monolocality L' of Z), there exist (^^, , -0^, S 
L'[X], with ip 7^ 0, such that z = -jf^ and c{ip ,) ~ L'. Therefore, we can find 

/f,/! 9^1 G D[X] and two nonzero elements a^,, (3^, G D such that /^, = a^,ip^,, 
a , = B ,tb , and thus: 

III. 

A' ^ (^L'9^' 

' L' 

with c{f^,)L' C a^,L' and c{g^,)L' = /3^,L'. Therefore, z G KN'#(D,*), since 
<P,,L,)L' - /3,,c(/,,)i' C /3^,a^,L' - a,,c(5^,)L' = c{a^,g„)L' and c(a^,.9^,)L' 
is principal in L', for each L £ C . □ 

Note that it follows immediately from the definition that D[X\ C KN'^(Z3,*) C 
i4:(X). Hence the quotient field of KN'#(D,*) = KW[D,^) is if(X). 

Our next result gives a basic property of KN'(£),7k-) reminiscent of Kronecker 
function ring and Nagata ring properties. 

Proposition 5.7. Let • be a semistar operation on an integral domain D. For 
each J := (ao, ai, ..., an)D G f{D), with J (- D and J -k-e.a.b., let g := 

oo + aiX + . . . + GnX" G D[X], then: 

JKN'(D,*) = J*KN'{D,i.) =5KN'(£),*). 

Proof: First note that, by definition, J = c{g)D. Moreover, for each fc, with < 
k < n, we have a^/g G KN'^(Z3,*) (= KN'(£',*)), since c{g)L' is principal in L', 
for each L' e C' . Hence JKn'{D,ir)) C .gKN'(D,*). Clearly, g G JKN'(D,7^) = 
c(g)KN'(D,*). It follows that JKN'^Z),*) = gKN'(D,*). 

On the other hand, let a = d/d' G J*, with d,d' e D and d' ^ 0. Then, by 
Lemma 4.6 (4), for each (strong-)Tk—monolocality L' of D we have dD = d'aD C 
d'aL' C d'J*L' = d'JL' = d'c{g)L', thus a/g = d'a/d'g G KN'#(D,*) (= 
KN'(£',*)), since c{g)L' = JL' is principal in L', for each L' G C' . Hence, we 
have that J* C gKN' (!?,•) == JKN'(D,7k-), thus J* KN' (£»,•) = J KN' (£»,•). D 

The rational function definition of the strong Kronecker-Nagata ring is somewhat 
cumbersome. We introduce now the notion of an "almost e. a. b. -ideal" in an effort 
to make the definition cleaner. 

Definition 5.8. Let * be a semistar operation on an integral domain D and let F G 
f{D), we say that F is an almost— k-e.a.b. -ideal if, for each strong-*-monolocality 
L' of D, FL' is a principal fractional ideal of L'. 

We collect in the following statement some of the basic properties of the almost- 
•-e.a.b. ideals. 
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Proposition 5.9. Let * be a semistar operation on an integral domain D and let 

F e f{D) 

(1) If F is -k-e.a.h. then F is almost— k~e.a.h.. 

(2) F is almost—k-e. a.h. if and only if F is almost—k^-e.a.b.. 

(3) IfF is almost— k-e.a.h. then FL' is -k^-e.a.b., for each strong— k-monolocality 
L' of D, with L {^ L^,) : D '—* L' being the canonical embedding. 

(4) Let F := (ai, 02, ■■■,an)D be an almost— k-e.a.b. -ideal, then, for each 
strong— k~monolocality L' ofD, 

FL' = F*L' = {FL'p = a,L' , 

for some i, with 1 < i < n. 

(1) and (2) are obvious since if F is *-e.a.b., tlien FL' is principal, for eacli 
strong~*-monolocality L' of D, and since the strong-*-monolocalities coincide with 
the strong-*^ -monolocalities. 

(3) If G, He f{L') and F e f{D) is an almost~*-e.a.b., then FL' = zL' , for 
some nonzero element z, and thus (FG)*' = (FL'G)* C {FL' H)* = (FH)*' , then 
(zL'G)* C (zL'H)*. Hence, G*' = G* C H* = H*\ 

(4) This statement is a consequence of the Claim in the proof of Lemma 4.6 (4). 
D 

This allows us to state a new definition. 

Definition 5.10. Let * be a semistar operation on an integral domain D with 
quotient field K. Then we define 

KN'4D,*) := {z eK{X)\ 3 g &D[X], g ^ 0, with zg &D[X], c{zg) C c{g)* and 

c{g) is an almost-*-e.a.b. ideal of D} , 

KNc{D,^) := {z G K{X) \ 3 g e D[X], g ^ 0, such that zg G D[X] , and 

c{zg) Q c{g)* , c{g) is a •-e.a.b. ideal}. 

It is clear that, in general, we have KN'c(£',*) C KN'(D,*) (= KN'#(L»,7k-)). 

In fact, note that, for each g G £'[-'^], 5 7^ 0, and for each L' G C' , c{g)*L' = 
c{g)L'; moreover, c{g) is an almost-*-e.a.b. ideal of D if and only if (by definition) 
it is a principal ideal of L' , for each L' G C' . 

We suspect that in fact KN'c{D,-k) = KN'(Z3,*), but we do not have a proof. 
We do demonstrate below that KNc(£',*) = KJ<i{D,*). 

We turn now to investigating the properties of KN(£',:*r). With this ring we 
will have more luck demonstrating properties that reflect the classical properties 
of the Kroneckcr function rings and Nagata rings. In particular, when we localize 
a Kronecker function ring Kr(£),*) at a maximal ideal we obtain V{X) for some 
(•-)valuation overring V of D. Similarly, when wc localize a Nagata ring Na(Z?,*) 
at a maximal ideal wc obtain Dq{X) for some (quasi-*-)prime ideal Q of D. We 
obtain similar results with KN(Z3,*). 

Theorem 5.11. Let * be a semistar operation on an integral domain D with 
quotient held K. 

(1) KNc(£',*) is an integral domain with quotient held K{X). 

(2) Na(D,*) C KN^{D,*) C KN'c(D,*) (C KN'#(D,*) = KN'{D,i.)) . 
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(3) For each J := (ao, ai, . . . , an)D £ f{D), with J C D and J -k-e.a.b., let 

g := ao + aiX + . . . + a„X" E D[X], then: 

(4) For each prime ideal p ofKNc{D, *) and for each J := (ao, ai, . . . , a„)D G 
f{D), with J CD and J *-e.a.b., let g := ao + aiX+ . . . +a„X" e D[X], 
then there exists an index i, with < i < n, such that: 

JKf^ciD,*)p == J*KN^{D,i.)p := gKN^{D,i.)p = aiKN^{D,*)p . 

For each prime ideal p of KNc(£',*), set L{p) := KNc{D,-k)p n K. 

(5) For each prime ideal p ofKNc{D,-k), then L{p) is a ■k~monolocality of D 
(with maximal ideal T := |3KNc(£',*)p n L{p)). 

(6) For each prime ideal p ofKN^D, *), the localization KNc(-D, *)p coincides 
with the Nagata ring L{p){X) (with maximal ideal 9{X) := TL{p){X)) 
and p coincides with T{X) n KN^iD, •). 

(7) Every -k-monolocality of an integral domain D contains a mininial -k-mono- 
locality of D. If we denote by C{D,-k)jnin, or simply by Cmin, the set of 
all the minimal -k-monolocalities of D, then C{D^-k),nin = {^(Tri) | tn G 
Max(KNc(i:',*))} and 

KNc(i?,*) = KN(i?,*) = n{L(X) I L e Crmn} ■ 

In particular, Na{D,*) C KN{D,*) (C KN'{D,*) C Kr(D,7k-)) . 

Proof. (1) Note that: 

Claim 1. If g and h are two nonzero polynomials of D[X] and c{g) is a -k-e.a.b. 
ideal of D then {c{g)c{h))* = c{gh)* . Furthermore, if c(h) is also a -k-e.a.b. ideal 
of D, then c{gh) is a -k-e.a.b. ideal of D. 

The previous claim is straightforward consequence of the Dcdekind-Mertens 
Lemma [14, Theorem 28.1] and of the definition of *-e.a.b. ideal. 

Let z := f/g, z' := f'/g' € KNe(D,*), with c(/) C c(g)*, c(/') C c{g'Y and 
c(g) and c{g') T^r-c.a.b. ideals of D. From Claim 1, we deduce immediately that 
zz'^ff'/gg' £Kn^[D,k). 

In order to see that z — z' belongs to KNc(£',*); it is sufficient to observe that 
z-z' = {fg' - f'g)/gg' and 

c{fg' - fg) C c{fg' - fg)* C {cifgT + cifgr)* C cigg')* ■ 

Clearly, D[X] C KNc(i:',*) C K{X), hence the quotient field of KN^D,*) is 
KiX). 

(2) To prove that Na{D,*) C KNc{D,*), note that the definition of KNdD,*) 
generalizes the definition of Na(D,*) (Definition 3.2) by replacing *y-invertible 
ideals with the larger class of 7k— e.a..b. ideals. The result is then clear. The 
second inclusion is an easy consequence of the fact that, if c{zg) C c{gy and 
c{g) is *-c.a.b. then, for each L G C, c{g)*L = c{g)L is a principal ideal of L 
(Lemma 4.6 (4)). Therefore we have KNc(D,*) C KN'c(£',*) (Definition 5.8). 

(3) Mutatis mutandis the proof ot the equality JKNc(£',*) = c{g) KN (.{D , -k) 
= gKNc.{D,-k) is analogous to the proof of Proposition 5.7. 

More precisely, first, note that by definition J = c{g)D. Moreover, for each k, 
with < fc < n, we have ak/g G KNc(£',*). Hence JKNc(D,*) C gKNdD,*). 
Clearly, g G c(g) KNc(L»,*) = JKNc(D,*), and so JKNaiD,k) = gKNc{D,i.). 
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On the other hand, let a := d/d! G J*, with rf, d' ^ D, d' y^ Then a/g = 
d'a/d'g = d/d'g e KNc{D,i<), since dD C d'J* = d'c{g)*. Hence, J* C .gKNc(L',*) 
= JKN^{D,-k) and so JKNelL*,*) = J*KN^{D,*). 

(4) AU the equahties foUow triviaUy from (3) except the last one, involving 
fli. This equality holds because KNc(I?,*)p is quasilocal and gKN(.{D,-k)p = 
JKNc{D,-k)p = (ao, ai, . . . , a„) KNc(-D,*)p is a principal. By a standard tech- 
nique (Claim in the proof of Lemma 4.6 (4)), an invertible ideal of a quasilocal 
domain which is generated by a finite list of elements is actually generated by one 
of those elements. 

(5) It is clear that L{p) is a quasilocal overring of D, with maximal ideal T. In 
order to show that L{p) is a *-monolocality of D, take J := (ao, ai, . . . , an)D 
which is a nonzero *-e.a.b. ideal of D. It is clear that akL{p) C J*L{p), for each 
< A: < n. Let a e J*. Since, by (4), J*KNc(£),*)p = aiKNc{D,*)p, for some i, 
then a/a, £ KNciD,*)p f] K = L{p). Therefore, J* C aiL{p) C JL{p) C J*L{p) 
and so aiL{p) = J*L(|)). 

(6) We start by proving the following: 

Claim 2. Let L he a -k-monolocality of D, then KNc(-D,*) C L{X). In partic- 
ular, KNc(i:',*) C KN{D,i.). 

Let f/g <E KNc(£',*) with c{g) a ^-e.a.b. ideal of D and c(/) C c{g)*. Write 
g :~ gq + aiX + . . . + a„X" G £'[^]- Since L is a *-monolocality of D then, by 
Lemma 4.6 (4), we have: 

c{g)L = c{gyL = {c[g)Lp = a,L 

for some a^. Hence, — G -^[-'i^] and -2. ^ L[^]. Moreover, -2- is a primitive 
polynomial in L[X] (since one of its coefficients is a unit in L). Hence 

and so Claim 2 is proven. 

Note that, by (5) and Claim 2, we have L{p){X) D KNc(D,*). Note also that, 
since L{p) C KNc(L',*)p and X G KNc(L',*), then L{p)[X] C KNc(L',*)p and 
hence ^[X] = {pYi'H^{D,ir)p r\ L{p))[X] = pKNc(i:',*)p n (L(p)[X]), recalling 
that y ^p KNc(L', •)p n L[p). Clearly, y{X) n KNc(L', *) is a proper prime ideal 
of KNc (£>,*). 

Claim 3. With the notation introduced above, y{X) D KN^D,*) C p. 

Let If G y{X) n KNc(-D,*). Then, we can write ip = h/k where /i, fc G L(p)[X] 
and h G ^i^] and k is primitive in L(fi)[X]. We can also write f = f/g where 
f,g& D[X] , g ^ 0, c{f) C c{g)* and c[g) is a *-e.a.b. ideal of D. Since iv(t>) is 
a •-monolocality of D (by (5)), it then follows from Lemma 4.6 (4) that g has a 
coefficient ai such that c{g)L{p) = aiL(|i) and, hence, c(/) C ai_L(|)). Then: 

f i h 



with ^, f- G L(fi)[X]. Therefore 



9 



kl = h^. 
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Since k and — arc primitive in L(p)[X] and h G 3'[^]; then we must have -^ G 
T[X] C ^3KNc(£',*)p. Since ^ is a unit in KNc(£',*)p this imphes that f/g'{= 
h/k = ip) belongs to p KNc(£', *)p n KN^iD, i<)=p. 

We conchide the proof of (6). By Claim 3, the prime ideal p' := 'y(X) n 
KNc(-D,*) is contained in p, thus it is clear that: 

L{p)[X]CKN,{D,^)^ C KN,(i5,*)p. C L{p){X) ^ L{p)[Xy^x] ■ 

Moreover, pKNc{D,*)p n iL{p)[X]) ^ T[X]. Therefore, 

L{p)[Xy[x] = KNe(i5,*)p = KNe(Z?,*)p' = Hp){X) , 

hence we deduce that p' = p. 

(7) is an easy consequence of (5) and (6). In fact, let L G C{D,-k) and let N 
be the maximal ideal of L. We know by Claim 2 that L{X) D KNc(-D,*). Set 
n :— N{X) n KNc(-D,*). Let m be a maximal ideal of KNc(£',*) containing the 
prime ideal n. Then, by (5) and (6), we know that: 

L{m){X) = KNc(i?,*)m C KNc(i?,*)n C L(X) . 

This fact implies that C{D,-k)min = {^(ni) | m g Max(KNc(D,*))}, and so: 

KN^{D,i.) = n{KNc(i:',*)m I m G Max(KNc(i:',*))} = 

= n{L{m){X) I m G Max(KNc(i:>,*))} = 

= n{L(X)|LG£(i?,*)™„} = 

= n{L{X) I L G C{D, •)} = KN(D, •) . 

The last statement of (7) follows from (2). D 

6. New semistar operations 

Given a semistar operation 7k- on a domain D we have associated two collections 
of overrings C (= C{D,-k)) and C' (= C'{D,-k)) and using these collections we have 
constructed two rings of rational functions KN{D,-k) and KN'(D,7k-). We can use 
these two collections of overrings and two rings of rational functions to construct 
four new semistar operations associated to -k. 

Definition 6.1. Let D he a, domain with quotient field K and -k a semistar opera- 
tion on D. We define new semistar operations on D as follows. For each E G F{D), 

(a) Ac' defined by E""^' =: n{EL' \ L' G C'} ; 

(b) Ac defined by E""^ =: r\{EL \ L G £};' 

(c) -k, defined by E*i :^ EK1^{D,*) n K ; 

(d) •, defined by E*'' := EKn'{D,ir) n K . 

Next we give some simple relations between these operations. 

Proposition 6.2. Let D be a domain and -k a semistar operation on D. Then \ 
and -k^, are semistar operations of finite type of D and 

Ar < Ac , -k, < Ac, \, < Ac' 
*, < * , , *f < f\c' ■ 

Proof: It is easy to verify that, for each integral domain R with quotient field 
K{X), such that D C Rf] K, the operation Or defined by -B^" := ER n K, 
for each E G F{D) is a semistar operation of finite type on D. As a matter 
of fact, note that, for each nonzero element x G K and for each E G F{D), 
we have (xER) n K = x{ER n A'), ER = U{^^ I ^ ^ ^, F e f{D)} and 
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i[j{FR \FCE, F e /(£>)}) nK = [j{FR n K \ F C E , F e /(£>)}. Therefore, 
in particular, *^ (=OkN(d.*)) ^^nd •j, (=Okn'(d,*)) ^-re semistar operations of finite 
type on D. For each strong-*-nionolocahty L' of D, we have that F* C FL', thus 
F*L' = FL', hence in particular F^^' = (F*)^^' . Therefore, -k^ < Ac'- Moreover, 

FKN'{D,*) n K = {F{C\{L'(X) \ L' G £'})) n K 

c (n{Fi'(x) I L' e £'}) n A' 

niFL'iX) nK\L' eC'} = r\{FL' \ L' e £'} . 

We conclude that -k^, < Ac' ■ Similarly, it can be shown that *^ < Ac ■ Finally, since 
KN{D,^) C KN'(D,*) (Proposition 5.1), then •, < •^,. D 

If we restrict to just -k^ and Ac we can prove more. 

Proposition 6.3. Let D be a domain and -k a semistar operation on D. Then k^ 
of D satisfies 

k < k^ = Ac < *f ■ 

Proof: For each E £ F{D): 

E*i = £:KN(D,7t)nA'= (n{£;KN(D,*)m |mGMax(KN(D,*)})nA' 

= r^{E KN(D, T^)^ n A' I m G Max(KN(i:', *)} 

= r{{EL{xn){X)r\K I m G Max(KN(D,7k-)} 

= n{SL(m) I m G Max(KN(i:),*)} = £:'^^-.- == E^'' . 

Let J :— {ai,a2, ■ ■ ■ ,an)D G f{D). Suppose that a G J** . Since KNciD-.-k) = 
KN{D,k), then in KN{D,-k) wc can write: 

A/iV A/2V ^ //« 

a = fli — +02 — H h a„ — 

\gij V.92/ V.9" 

with c(/i) C c{gi)* and c((7j;) a *-e.a.b. ideal of D, for each i, 1 < i < n. 

Let 3 := 31C/2 • • • 5n and, for each i, let 5^ := ^1^2 • • • gt-igt+i ■ ■ ■ g-a = g/gi- Then 
we can write: 

ga = ai/i.gi + 02/2.92 H ^ anfngn ■ 

Therefore 

c(ga)* = c{aifigi + 02/2.92 H h anfngn)* Q 

C c(ai/i5i)* + c{a2f2g2)* H ^- c(a„/„g„)* C 

C c{aigig2 ■ ■ ■ gn)* + 0(02.9152 • • • .9>i)* H h c{a„gig2 ■ ■ ■ gn)* Q 

C (ai,a2,- •■ ,an)c{gig2-- ■ gn)* = (01,02,- •• ,a„)c(5)^ C 
^ ((ai,a2,--- ,a„)c(5))'' . 

Since each c{gi) is aTk— e.a.b. ideal of Z?, then wc know that (0(51)0(52) • ■ ■ c{gn))* - 
0(5152 ■ • ■ gti)* = c{g)* and that c{g) is a 7k— e.a.b. ideal of D (Claim 1 in the proof 
of Theorem 5.11). It follows that: 

(c(5)a)* C ((ai,a2,- •■ ,a„)c(5))* => a G ((ai,a2, ■ • ■ , a„)D)* = J* . 

Therefore J*' C J*. _ 

Finally, since Na(D, -k) C KN(D, -k) (Theorem 5.11 (7)) then, for each E G F{D), 
E* = El<ia{D,k)nK C EKN{D,k)nK = E^'i. D 

The statements (1), (2) and (3) of our next result are essentially the "KN- 
analogues" of Proposition 5.4 and Corollary 5.5; the statements (4) is an "C- 
analogue" of Lemma 4.2 (9). 
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Corollary 6.4. Let * be a semistar operation on an integral domain D and let 
C = C{D,-k) be the set of all -k-monolocalities of D. Then: 

(1) Na(£),*) = Na(L»,*) = KN{D,ir) , (in particular, * = {i^)e). 

(2) KN{D,-ka) = Kr(D,*J = Kr(D,^) , (in particular, •„ = (*a)i)- 

(3) D is a P*MD if and only if KN(D, •) = KN(D, •„). 

(4) For each {L, N) Q C, N O D is a quasi-^~primc of D. 

Proof. (1) is an easy consequence of Theorem 5.11 (7) and Proposition 5.4 (1). 

(2) follows from the fact that, for the e.a.b. semistar operation -ka, each F G 
f{D) is T^Q-e.a.b., hence C{D,-ka) is the set of all the •-valuation overrings of D 
(since T G C{D,-ka) is necessarily a valuation overring of D and T = T*"^ , i.e. T is 
a •a-valuation overring (Lemma 4.2 (6)), or equivalently a ^-valuation overring, of 
D [10, Proposition 3.3]). 

(3) follows from (1), (2) and [8, Theorem 3.1 and Remark 3.1]. . 

(4) Using Theorem 5.11 (6) and (7), we have (NnD)* = (NnD) Na{D,^)nK C 
(N n D)KN(D,*) DK C {N{X) n KN(D,*)) n K. Therefore (N n D)" D D C 

l(N{x) n KN(D, *)) n K) r\D = {{n{x) n kn(d, *)) n l) n £> = iv n £» . n 

Remark 6.5. So far we have given no indication that KN(Z3, 7k-) and KN'(£', *) arc 
ever different. In Example 7.7 wc exhibit a (semi)star operation (of finite type) * on 
a Noetherian integrally closed integral domain D such that KN(£),*) C KN'(Z?,*) 
and thus, in particular, C{D,-k) D C'{D,-k) (and so l\c = *« < *j, < A^.')- Moreover 
in this example wc will see that: 

(*=) */ <\, (=*a ^to), 

[do =) * = *f < */ ■ 
Moreover, it is not difficult to give an example of a semistar operation * such 
that * < *j (cf the following Example 7.8). 

Now that we have made note that C and C arc not always the same wc inves- 
tigate the implications of assuming that they or the related rational function rings 
or the related semistar operations are the same. 

Corollary 6.6. Let * be a semistar operation on an integral domain D. Then the 
following are equivalent. 
(i) C = C'; 
(11) A^ = hc' ; 
(ill) •^ < •, ; 
(iv) •, = •^. ; 
(v) *, = Ar = Ac = *,, = *f ■ 

Proof, (v) ^ (iv) ^ (iii) and (i) => (ii) are trivial. 

(iii) =5> (i) because (iii) implies that each L G C(D,-k) is a •-overring of D, since 

\ = /\c- 

(ii) => (iv) because we know that, in general, A^. < *^ < /\c' (Propositions 6.2 
and 6.3). 

(i) => (v) is obvious, using the fact that wc already know that (i) <^ (iv). D 

Corollary 6.7. Let * be a semistar operation on an integral domain D. If -k^ is 
stable (i.e. * = *f [7, Corollary 3. 9] J then K'N{D,k) = KN'(L»,*) and 7k^, ^ Ac = 
Ac ==•,, (=*^ =•). 
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Proof. The result follows from Corollary 6.6 and the fact that, in general, 
* < *4 < */ (Proposition 6.3). □ 



7. Constructions and Examples 

Thus far. we have focussed on the situation where we begin with a semistar oper- 
ation and investigate related overrings determined by the e. a. b. -ideals associated to 
the semistar operation. Now we reverse that and begin with a collection of overrings 
and use them to defined a semistar operation. The major questions will concern 
how the (strong) monolocalities relate to the defining collection of overrings. 

Proposition 7.1. Let T := {Tx | A G A} be a family of quasilocal overrings of an 
integral domain D and let F G f{D). Then F is Aq — e.a.b. if and only if FT\ is 
principal as a fractional ideal ofT\, for each A G A . 

Proof. The "only if" part. 

Claim. Let A G A and let F,G,H G f{D). Assume that F is Aq — e.a.b. and 
FGTx C FHTx , then GTx C HTx. 

Note that FGTx C FHTx implies that (FG)^-^ C (FGTx)^-^ C {FHTx)'^'^. 
Since F is Ar-e.a.b., thus also (AT)^-a.b. (Lemma 3.8 (2)), then G^^'^'^s = G^^ C 

{HTx)^'"'^''f C (HTx)''-^ . Therefore GTx = (G^^)Ta C {{HTx)^-^)Tx = HTx 
(Lemma 4.2 (10)) . 

The conclusion of the "only if" part follows from the previous Claim and Remark 
3.7, since Tx is quasilocal and each finitely generated TA-submodule of K^ Gx £ 
/(Ta), is of the type GTa, for some G G f{D). 

For the "if" part, assume that F,G,H G f{D), {FG)^-^ C (FH)^-^ and FTx 
is principal as a fractional ideal of Tx, for each A G A. Then, clearly, FGTx ~ 
{FG)''-^Tx C {FH)^-^Tx = FHTx. Since FTx is principal, then GTa C HTx, for 
each A G A , and thus G^^ C iJ^^ . D 

We digress momentarily to give a corollary to the last result which illustrates 
some nice closure properties of the {—)i operation. 

Corollary 7.2. Let * be a semistar operation on an integral domain D. 

(1) Let F G f{D). IfF is *-e.a.b. then F is •<>-e.a.b.. 

(2) CiD,*) C C{D,*e) (more precisely £(£>,*) = {L e CiD,*i) \ L = L*f}). 

(3) KN(D,*) = KN{D,*e)- 

(4) (*£)£ = *£ . 

Proof. Recall that *£ = Ac, where C = C{D,-k) (Proposition 6.3). 

(1) Assume that F is *-e.a.b. then, by definition of Tk—monolocality, FL is 
principal for each L G C{D,-k). Therefore, by Proposition 7.1, F is Ac-e.a.h. {— 
-kg-e.a.h.). 

(2) Let L G C{D,-k) and let F be •^-e.a.b. {— Az;-e.a.b.). As above, by 
Proposition 7.1, we know that FL is principal, thus L belongs also to C{D,-kg), 
since L ~ L*f and -kg < -k^ (Proposition 6.3). 

For the parenthetical statement, let L G C{D, -kg) and let F be ^-e.a.b.. By (1) F 
is •^-e.a.b. (= Ajc-e.a.b.), thus FL is principal, for each L G C{D,-k) (Proposition 
7.1). We conclude that L G C{D,*e) belongs to C{D,-k) if and only if L = L*t . 
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(3) From (2) we deduce that KN(i:',*) 3 KN(D,*£). The opposite inclusion 
follows from Theorem 5.11 (1) and (7), since if 5 G D[X] is such that c{g) is 
•-e.a.b. then c{g) is also -kf-c.a.h. by (1). 

(4) is a straightforward consequence of (3) . □ 

We now turn back to the special case where we begin with a collection of overrings 
of a domain D and use them to define a semistar operation. 

Proposition 7.3. Let T := {Tx | A G A} be a family of quasilocal overrings of an 
integral domain D and set * := At- Then: 

(1) TCC'{D,*)CC{D,*). 

(2) Ac < Ac' < * and {Ac'). = *f ■ 

(3) KN(D,Ar) =KN(i:),A^') =KN(i:),*) and KN(D, *) = KN'(D, *) . 

(4) *, = *^, =Ac< iAc')f = *, and *, == (*^,), = {Acl - (A^'). • 

Proof. (1) Each T\ is obviously a ^-overring of D, since if _F G f{D) then 
FTx = F*Tx = (FTx)* (Lemma 4.2 (10)). Furthermore, note that if F G /(D) is 
*-e.a.b. then FTx is principal in Tx, for each A G A. As a matter of fact, if G, i/ G 
f{D) are such that FGTx C FHTx, then (FGTx)* = FGTx C FHTx = (FHTx)*, 
thus (GTa)* = GTa C HTx = (HTx)*, because F is *-e.a.b.. Therefore FTx is 
quasi-cancellative and so it is principal in Tx (Remark 3.7). 

(2) From (1), we deduce immediately that: 

/\c < ^c < At ^ * ■ 
Moreover, >i=^ = {/\c')., since for each F G f(D), we have: 

F^.' = (f]{FTx I A G A}) n iniFU \ L' e C \ T}) 
= F*nif]{FL' |L'g£'\T}) 
= F*n ir[{F*L' \L' eC'\ T}) = F* . 

(3) Since KN(D, *) = KN(D, *e) (Corollary 7.2 (3)), *f = Ac (Proposition 6.3), 
and *f = {Ac') by (b), then we easily deduce that KN{D,Ac) = KN{D,*e) = 
KN(i:i,*) =KN{D,Ac'). 

From Lemma 4.2 (10) we deduce immediately: 

Claim 1. Let g G D[X], g ^ 0, then c{g)^-^ = D^^ if and only if c{g)Tx = Tx, 
for each A G A . 

Claim 1 implies: 

Claim 2. Na(D, At) = n{Na(i:',*{T;,}) | A G A} = f]{Tx{X) | A G A} . 

From Claim 2 and from the fact that T C C'{D, *) we deduce that KN'{D, *) = 
(ML'{X) I L' G C'{D,*)} C (MTx{X) I A G A} = Na(D, Ar) C KN(D, Ar) = 
KN(£), *). Since in general, KN(D, *) C KN'{D, *), we conclude that KN{D, *) = 
KN'(D,*). 

(4) From (3) and from Proposition 6.3, we have that *j, = Ac = *,, and so, by 
Corollary 7.2 (4), * = (A^;), = (*„), From (b) we know that (A^'). == *,. Since 
Ar. {— *f) is a semistar operation of finite type then, clearly, Ac < {/\c') ■ Finally, 
note that {{Ac')^)e = (A^:'), and (*^), = *,. D 

If we assume in addition to the hypotheses of Proposition 7.3 that each Tx is 
integrally closed we can prove a little more. 
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Corollary 7.4. Suppose in addition to the hypotheses of Proposition 7.3 that each 
Tx is integrally closed. Then KN(D, *) = KN'{D, *) = f]{Tx{X) | A e A} . 

Proof. We already know that KN(£', *) = KN'{D, *). Since each T\ is a strong 
*-nionolocality (Proposition 7.3 (1)), it follows immediately from the definitions 
that KN'{D,i.) C f]{Tx{X) | A G A}. We wiU finish the proof by showing that 
CliTxiX) I A e A} C KN(i:i,*). Let f/g e CliTxiX) | A G A} and suppose that 
/, g G £'[Ar], with g ^ 0, and that they have no common factors over i^[X]. Choose 
a particular Tx . Wc will consider content ideals of polynomials as ideals of Tx . By 
definition, we know that f/g = h/k where h,k G Tx[X] and c-x^ik) = Tx. Since 
/, (7 have no common factors over -ft'[Ar], by Euclid's Lemma wc know that g is a 
factor of k in iir[X]. If we rewrite h/k as dh/dk for an appropriate nonzero constant 
d ^ Tx, wc have g being a factor over Ta[X] of dk and CT^{dk) = dTx. Then since 
Tx is integrally closed we know that g has invertible (hence principal) content [25, 
Theorem 1.5]. Finally, since CT^{h) C CT^{k) ^ Tx and f/g = h/k it follows easily 
that CT^if) QcT^ig). 

Since we have been working with an arbitrary Tx we have proven: 

• CD{f)* C cu{g)* (with content ideals considered now as ideals of D). 

• co{g) is a *-e.a.b. ideal of D since its extension to each Tx is principal. 
This proves that f/g G KN(Z3, *) which finishes the proof □ 

In the setting where we begin with a collection of overrings of a domain D it 
can seem that differences between strong monolocalities and monolocalities and the 
associated constructions should disappear. In particular, we could hope that the 
inequality in part (4) of Proposition 7.3 should be an equality. We next give an 
example to demonstrate that this inequality can be strict. 

Example 7.5. Let A; be a field and let {X, Y, W, X[,Y{, AT^, Y^, . . . ; Z} be an infi- 
nite family of indeterminates over k. Set R := k[X, Y, W, X[,Y{, X'^^Y^,...]. Let M 
be the maximal ideal of R generated by {X, Y, W,X[,Y(,X2,Y2,...}, let D := Rm 
and let K be the quotient field of D. For each positive integer i define 

W 



D 



XX' + YY' 



Let T := {T,\i> 0} and set * := At (i.e. E* := n,>i ET,, for each E G F{D)). 
Also, let Pw be the prime ideal of D generated by W. Note that k := Dp^ / PwDp^y 
is isomorphic to k{X, Y, X[, Y(, Xl^, Y2, . . .). Let ip be the canonical homomorphism 
from Dp^ to k = Dp^/PwDp„. Let y be a minimal valuation overring of D := 
D/Pw (in its quotient field isomorphic to k) and let V = ip~-^{V). Then 1/ is a 
minimal valuation overring of D which has Dp^^. as an overring. 

(1) V is a minimal valuation overring of each Ti. 

(2) V{Z) is a minimal valuation overring of each Ti{Z). 

(3) Kn{D, *) = KN'(Z?, *) = n.>i T,{Z) 

(4) Let My be the contraction of the maximal ideal of V{Z) to KN{D,*). 
Then My is a maximal ideal of KN(_D, *). 

(5) My is the only maximal ideal of KN(_D, *). 

(6) D* =D. 

(7) (KN(A*)=KN'(D,*)=) r\^>iUZ) = DiZ). 

(8) D is a *~monolocality but not a strong *-monolocality. 
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(9) The (seini)star operation * is such that the inequaUty in Proposition 7.3 
(4) is strict (i.e., /\c{*) S {^C'{*))f)- 

Proof. (1) is a consequence of the fact that if xx^yy' ^ ^ then ^ — ^ S 

V C Dp^^ , which is a contradiction. 

(2) follows from (1) and (3) is a consequence of Corollary 7.4, since each Ti is 
integrally closed. (The claim that each Ti is integrally closed follows easily from 
[28, Theorem 2].) 

(4) Proposition 7.3 implies that each Ti is a *-monolocality. It follows then from 
Theorem 5.11 that Ti{Z) is an overring of KN(£',*) for each i. Hence V{Z) is an 
overring of KN(D, *) We assumed T^ to be a minimal valuation overring oi D. It 
follows that V{Z) is a minimal valuation overing of D{Z). It is clear then that 
V{Z) is also a minimal valuation overring of any ring properly in between D[Z) 
and V{Z). In particular, V{Z) is a minimal valuation overring of KN(Z3, *). The 
result follows immediately. 

(5) Let d e My. Then d e KN(D, *). As we noted above, Ti{Z) is an overring 
of KN(£', *). Also recall that V{Z) is a minimal valuation overring of each Ti{Z). 
In particular, d is a nonunit in each Ti{Z). Hence, 1 + d is a unit in each Ti{Z) and 
so, by (3), it is a unit in KN(D, *). 

(6) It is easy to see that fl^^-^ Ti = D, hence D* = f].^^ DTi = n,>i T, ^ D . 

(7) Combine Theorem 5.11 (6) and (7) with the fact that we already know that 
KN(i:i, *) is quasilocal and that KN{D, *) n K = n,>i Ti{Z) nK = n,>i Ti = D. 

(8) D being a *-monolocality follows from the fact that KN(I?, *) = D{Z) 
(Theorem 5.11 (5)). D is not a strong *-monolocality because it is not a =i<-ovcrring: 
let J = (X, Y)D, then W & J* hni W (^ JD = J. 

(9) Since D itself is a *-monolocality (by (8)), then Ac is the identity function. 
However, the proof of (8) above demonstrates that *y (= {^c')f by Proposition 
7.3 (4)) is not the identity. 

So wc have an example of a semistar operation • on a domain D of the form A^-, 
derived from a family T of overrings of D, such that KN(Z?,*) = KN'(D,*) but 
there exists a *-monolocality which is not strong (Example 7.5). 

We next give an example of a semistar operation, also defined by a A-construction. 
in which things work exactly as one might hope. 

Example 7.6. Let fc be a field and let R :~ k[X,Y] be the ring of polynomials 
over k in the two variables X and Y . Let P := (X, Y) be the maximal ideal of R 
generated by the variables and let D := Rp. Let M denote the maximal ideal of 
the local ring D. Set 

• Di := D[X/Y] , D2 := D[YIX] ; 

• T := {T\ I Ta e A} is the collection of all localizations of Di and D2 at 
their maximal ideals. 

Set * := At- Then * is an example of a semistar operation on a integrally closed 
Noetherian local domain D such that: 

(1) *!, = Ac = Ac' = *(./=*/=* (^■'^- ^ = ^'t by Corollary 6.6). 

(2) * < * < *a ■ 

We know by Proposition 7.3 (1) that T C C'{D,*) C £(!?,*). Suppose then 
that r is a *-monolocality of D. It is clear from Proposition 7.1 that the ideal 
/ = (A, Y) is a *-e.a.b. ideal of D. Hence the ideal / must extend to a principal 
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ideal in T. Since T is quasilocal it follows that IT is generated by either X oi Y. 
Hence either Y/X or X/Y lies in T. Hence Tx C T for some Tx e T. It follows 
that T consists exactly of the minimal *-monolocalitics of D. It follows from this 
then that the *-monolocalities and the strong *-monolocalities coincide. This is 
sufficient to prove that 

% = Ac = f\c' = *j, = *^ = * . 

Now observe that the T\'s are neither localizations of D nor valuation overrings 
of D. This proves that ^ < * < *a- Suppose that, in fact, ^ — *. Then Corollary 
6.4 indicates that KN(£), *) ~ Na(Z?, *). Recall that the localizations of Na(£', *) 
at maximal ideals have the form Dp{X) where P is a prime ideal of D. Similarly, 
if * = *a then Corollary 6.4 indicates that KN(Z?, *) = Kr(D,*). Recall that 
the localizations of Kr(I?, *) at maximal ideals have the form V{X) where F is a 
valuation overring of D. In the present setting the localizations of KN(Z),*) are 
exactly the rings Ti{X). The result follows immediately. 

Example 7.6 is significant because we indicated that an important objective of 
this article was to demonstrate that the Nagata ring construction and the Kro- 
necker function ring construction were at opposite ends of a spectrum. For the 
generalization to have any real power we need to demonstrate that we can find 
something which is properly in between these two extremes. We also indicated that 
we wanted to give a method for approximating a given semistar operation by a 
semistar operation which was constructed by means of extension to a collection of 
overrings. We have given such a mechanism, but again we need to show that this is 
meaningful by demonstrating that the semistar operation obtained can turn out to 
be associated with a collection of overrings which consists neither of localizations 
nor of valuation overrings of the domain D. In this example we have a star opera- 
tion * such that * is equal to all four of the approximations developed in this work 
(Definition 6.1 ). And yet we also have 

This indicates that * and all of its KN and KN' derivatives lie properly in be- 
tween " the localization constructions" associated to * and "the valuation domain 
constructions" associated to *a- 

Example 7.7. Example of a (semi)star operation -k on a Noetherian integrally 
closed domain D such that ^^ < -k {= -k^.) < •^, and so KN'(£),*) C KN(£',7k-), in 
particular C{D,-k) C C'{D,*). 

Let khca field, D := k[X, Y](^x,y) ^ := (X, Y)D and let K := k{X, Y) . Using 
the techniques of [14, (32.4)], we construct a new (semi)star operation * on Z) as 
follows: 

1. If dD is any nonzero principal ideal of D , then (dD)* := dD . 

2. If J C_ D is a nonzero ideal of D which is not contained in any proper 
principal ideal of D , then J* := M . 

3. If J C Z? is a nonzero ideal of D which is not principal, but is contained 
in a principal ideal, then we factor J as J — al , where a is a GCD of a 
set of generators of J and / := (J :d olD) is not contained in any proper 
principal ideal of D by the choice of a . Then J* := aM . 
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4. If J is a nonzero fractional ideal of D which is not contained in D , 
choose a nonzero element j3 E D such that (3 J C D . Then define J* := 
(l//3)(/3J)^ 

5. If J e F{D) \ F{D) wc define J* := K . 

Since D is Noetherian, then • is a (semi)star operation of finite type on D. 
Henceforth, it is clear that M{*f) = {M} . Thus, * coincides with the identity 
semistar operation do , i-c: 

do —* S *t — * ■ 

Moreover, we have already proved in [11, Example 5.3] that (*a) = *a — to ■ 
Therefore, if we denote by Z a (new) indeterminate over the field of quotients K of 
D, by W the set of all rank one discrete valuation overrings of D, then tn = Ayvj 
thus: 

Na(i:», *) =: Na(L>, ;f) = ^&{D, do) = D{Z) , 

Krp, *) ^ KiiD, *,) = Ki{D, to) = Krp, Aw) = n{W{Z) \W &W}. 

Claim 1. Let J G f{D). If J is -k-e.a.b. then J is principal. 

Without loss of generality we can assume that J C D. If J is not principal 
then either J is not contained in any principal ideal of D or J is contained in a 
principal ideal of D in both cases J = 51, for some nonzero ideal I oi D such 
that /* = M and for some nonzero element 5 G D (eventually 6 = 1). Therefore, 
J* = {Siy = 51* = 5M. On the other hand, since by definition of * we have that 
(A'P)* = AI* = AI, then: 

{Jiy = {Sl^y = 5(1*1*)* = 5{A'I'^)* = 5AI = J* = (JD)* . 

If J is -k-c.a..h. (since / is finitely generated) then /* = D* = D, which is a 
contradiction. 

Claim 2. Let V(-D,*) be the set of all -k-valiiation overrings of D. If L' is a 
strong— k-monolocality of D then L' is a localization of D at a height-one prime 
ideal ofD, thus C'{D,*) = W = V{D,*). In particular, 

KN'{D, •) = p|{Ty (Z) \W eW} i= Kr(D, •)) . 

As a matter of fact M = (M^)* C APL' and, since M is finitely generated, 
by Nakayama's Lemma we have ALL' = L'. Therefore, for some element / e AI, 
fV = L' and thus Df C L' . Since Df is a one-dimensional KruU domain and L' is 
a quasilocal ovcrring of Df , then necessarily L' is a localization of Z) at a height-one 
prime ideal of D, hence L' G W, i.e. C' C W. Conversely, if Q is an height-one 
prime ideal of D, then from the definition of * it follows immediately that the 
discrete valuation overring W := Dq is a strong-*-monolocality of D. Note that in 
general C [D, *) D V{D, *) and, in this case, each W € W is a ^-valuation overring 
of D (by [10, Theorem 3.5], since W{Z)^Kr{D,i.)), that is V{D,i.) D W. 

Claim 3. We have that bo < *a {— (*a) = to) and C'{D, bo) 2 ^^'iD, ^a) thus, 
in particular, 

{Kr{D, *) = Kr{D, *,) =) KN'(i?, *„) D KN'{D, bo) (= Kr{D, bo) = Kr{D, do)) . 
(cf. also Proposition 5.4 (2)). 

We have observed above that *a = (*a) = ^d = Ayv and thus it is easy to see that 
C'{D,-ka) = C{D,-ka) = W = {Dq | Q is an height one prime ideal of D}. On the 
other hand, bo coincides by definition with Ay, where (in the present Example) we 
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set V := V{D,dD) (= V{D,bD)) is the set of all the valuation overlings of D and 
thus it is easily seen that C'{D, Ay) = C{D, Ay) = V. Since there are plenty of two 
dimensional valuation overrings of D, then clearly C'{D,bD) 2 ^'{D,*a)- Finally, 
by [11, Proposition 4.1 (5)], it is clear that bu < *a if and only if Ki{D,b£)) C 
Kr(i?,*a). 

Claim 4. Wc have that • < •a (more precisely, every nonprincipal ideal of D is 
-ka-e.a.b., but not -k-e.a.b.) and C'{D,-k) = C'{D,-ka). In particular, KN'{D,-k) = 

Note that every nonzero ideal of D is clearly •^-e.a.b. but from Claim 1 we 
know that if an ideal of D is 7k— e.a.b. then it is a principal ideal. We have observed 
in the previous Claim 2 and 3 that C'{D,-k) = W = C'{D,-ka)- 

Claim 5. £(£>,*) D C\D,-k) and KH{D,-k) C KN'(D,*). More precisely: 

KN{D,i<) = D{Z) (= Na(i:),*)) C 

CKN'(i:),*) ^f\{DQ{Z) I QeSpec(i:») and\ii{Q) = 1} (=&(£>,*)). 

By the previous considerations it is sufficient to show that KN(D,*) — D{Z). 
This is an easy consequence of Claim 1, since each J G f{D) which is a *-e.a.b. is a 
principal fractional ideal of D and, by definition D is quasilocal and D = D* , thus 
D is a *-monolocality of D. Therefore C{D, •) = {L | L is a quasilocal overring of 
D such that L = L*f} and D e £(D,*) \ C{D,*) . 

Claim 6. C{D,-ka) = C'iD,*a) (= C'{D,*) = W) thus (KN{D,tD) = 
KN{D,*a) = KN'{D,*a) (= KN'{D,*)) and so KN(D,*) C KN{D,*a). 

This is a consequence of Corollary 6.7 since in this case we know that -ka ~ (*a) 
is a stable (semi) star operation on D. 

In conluding, in this example, wc have: 

rfc = • = •^ = Az; < -A-^. < *^, = Ac =*a = tD- 

We end with an easy example announced in Remark 6.5. 

Example 7.8. An example of an Noetherian integrally closed domain D with a 
(semi)star operation * sucii that * < *^. 

Let D be as in Example 7.7. Note that, in this case, to = Ayv and bo = Ay, 
where W is the set of all the rank 1 valuation overrings of the KruU domain D [14, 
Proposition 44.13] and V is the set of all the valuation overrings of D. Therefore 
<£) and bi) are both (e.)a.b. (semi)star operations on D. 

Let :*r :— bo- Since it is easy to see that A^(6d) = Max(D) [11, Theorem 4.3 (3)], 
then b]j ~ do- Moreover, we have already seen (in the proof of Claim 3, Example 
7.7) that C{D,bD) = C'{D,bD) = V, thus {boX = {bol, = bo- 
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